Abstract. We consider double plumbings of two disk bundles over spheres. We calculate the Heegaard-Floer homology with its absolute grading of the boundary of such a plumbing. Given a closed smooth 4-manifold X and a suitable pair of classes in H 2 (X), we investigate when this pair of classes may be represented by a configuration of surfaces in X whose regular neighborhood is a double plumbing of disk bundles over spheres. Using similar methods we study single plumbings of two disk bundles over spheres inside X.
Introduction
Given a smooth closed connected 4-manifold X and a finite set of classes C ⊂ H 2 (X), an important question is what is the simplest configuration of surfaces in X representing C. By simple we mean that each class should be represented by a surface of low genus and that the surfaces should have a low number of geometric intersections. Since it is always possible to remove cancelling pairs of intersection points by increasing the genus of a surface, both properties should be taken into account. Considerable work has been done to investigate the minimal genus of a given class in H 2 (X), first by proving the Thom conjecture (Kronheimer-Mrowka [5] ) and then its generalizations by Morgan-Szabó-Taubes [16] and Ozsváth-Szabó [12] . When considering a configuration of surfaces, the sum of their genera is closely related to the number of their geometric intersections, as shown by Gilmer [2] . He showed that the the minimal number of such intersections can be estimated using the Casson-Gordon invariant. This estimate has been improved by Strle [9] for configurations of n = b + 2 (X) algebraically disjoint surfaces of positive selfintersection by an application of the Seiberg-Witten equations on a cylindrical end manifold.
Multiple plumbings of two trivial disk bundles over spheres have been investigated by Sunukjian in his thesis [10] . He calculated the Heegaard-Floer homology of the boundary of such plumbings in cases where the two spheres are plumbed either once or zero times algebraically and n times geometrically.
We investigate the double plumbing N m,n of two disk bundles with Euler classes m and n over spheres, which represents the simplest case of a configuration of two surfaces with algebraic (and geometric) intersection 2. We calculate the d binvariants of the Heegaard-Floer homology of ∂N m,n [14] and use an obstruction theorem [13, Theorem 9.15 ] to see when N m,n can indeed be realized inside a given 4-manifold X with b + 2 (X) = 2. Denote by Y m,n the boundary of N m,n . For two integers i and j, denote by t i,j the unique Spin c structure on N m,n for which c 1 (t i,j ), s 1 + m = 2i (1) c 1 (t i,j ), s 2 + n = 2j , (2) where s 1 , s 2 ∈ H 2 (N m,n ) are the homology classes of the base spheres in the double plumbing. Let s i,j = t i,j | Ym,n .
Throughout the paper, we denote by F the field Z 2 and by T + the quotient module .
The action of the exterior algebra Λ * (H 1 (Y, Z)/ Tors) on HF + (Y m,n , s) maps the first copy of T + isomorphically to the second copy in each torsion Spin c structure s, dropping the absolute grading of the generator by one.
We use this result to determine whether the double plumbing N m,n can occur inside some 4-manifolds X with H + 2 (X) = 2. If it can, the complement W = X\ Int(N m,n ) is a negative semi-definite 4-manifold and [13, Theorem 9.15] gives an obstruction depending on the correction terms of Y m,n = ∂W .
In the manifold X = CP 2 #CP 2 , every homology class (x 1 , x 2 ) ∈ H 2 (X) with (x 1 , x 2 ) ∈ {0, ±1, ±2}
2 \{(0, 0)} has a smooth representative of genus 0. Choosing two such representatives with algebraic intersection number 2, we check if they can have only 2 geometric intersections.
Next we consider the manifold X = S 2 × S 2 #S 2 × S 2 . According to Wall [17] , every primitive homology class (x 1 , x 2 , x 3 , x 4 ) ∈ H 2 (X) can be represented by an embedded sphere. We choose two such representatives with algebraic intersection number 2 and determine when the number of their geometric intersections has to be strictly greater than 2, thus not allowing the chosen homology classes to be represented by a double plumbing. We obtain the following estimates. Theorem 1.2. a) Any two spheres representing classes (2, 2), (2, −1) ∈ H 2 (CP 2 #CP 2 ) intersect with at least 4 geometric intersections, and there exist representatives with exactly 4 intersections. b) Let t ∈ N\{1} and let a be an odd positive integer. Any two spheres representing classes (a, 2, 0, 0), (1, 0, t, 1) ∈ H 2 (S 2 × S 2 #S 2 × S 2 ) intersect with at least 4 geometric intersections for all a ≥ 5.
By a similar method we study single plumbings of disk bundles over spheres inside a closed 4-manifold. An obstruction to embedding such configurations is based on the d-invariants of lens spaces. Theorem 1.3. Let k be a positive integer. Any two spheres representing classes (2k + 1, 2, 0, 0), (−k, 1, 2k, 1) ∈ H 2 (S 2 × S 2 #S 2 × S 2 ) intersect with at least 3 geometric intersections for all k > 1. This paper is organized as follows. In Subsection 2.1 we describe a Heegaard diagram for Y m,n = ∂N m,n . In 2.2 we present the corresponding chain complex CF (Y m,n ) along with its decomposition into equivalence classes of Spin c structures and calculate the homology HF + (Y m,n , s) in all torsion Spin c structures on Y m,n . In Subsection 2.3 we compute the absolute gradings gr of the generators of these groups which in turn determine the correction term invariants d b (Y m,n , s) for all torsion Spin c structures s on Y m,n . The first part of Section 3 describes the general homological setting in which the double plumbing N m,n arises as a submanifold in a closed 4-manifold X. In Subsection 3.1 we consider the case X = CP 2 #CP 2 and in Subsection 3.2 the case X = S 2 × S 2 #S 2 × S 2 . In Section 4 we investigate single plumbings of two disk bundles over spheres. We consider such configurations inside the manifold CP 2 #CP 2 in Subsection 4.1 and inside the manifold
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Heegaard-Floer homology of the boundary of a double plumbing
Let N m,n be the double plumbing of two disk bundles over spheres, where m and n denote the Euler numbers of the disk bundles contained in the plumbing. The base spheres of the bundles intersect twice inside the plumbing and we assume both intersections carry the same sign. Denote by Y m,n the boundary of N m,n . Throughout this paper we assume m, n ≥ 4. In this section we calculate HF + (Y m,n ) with F coefficients and prove the Theorem 1.1.
Heegaard diagram.
Considering a Kirby diagram of the plumbing N m,n as a surgery diagram for Y m,n , we derive the Heegaard diagram of its boundary. A disk bundle over a sphere is given by a single framed circle, and a double plumbing of two such bundles is represented by the Kirby diagram in Figure 1 . The second plumbing contributes a 1-handle. Instead of adding the 1-handle one can remove its complementary 2-handle with framing zero. The boundary of the resulting manifold remains unchanged if we replace the 1-handle by its complementary 2-handle with framing zero and obtain a Kirby diagram which is a link of three framed unknots
To obtain the Heegaard diagram of the boundary, we split Figure 1 . The Kirby diagram of a double plumbing the 3-sphere into two balls along the sphere S 2 shown in Figure 1 . Surgery along the three framed circles K i gives us two handlebodies of genus 3. The Heegaard diagram is drawn on the plane with three 1-handles added. The lower handlebody is a boundary connected sum of regular neighborhoods of the three circles K 1 , K 2 and K 3 . We denote by µ i and λ i the meridian and longitude of the regular neighborhood of K i respectively. Each of the curves α i is homologous to λ i , and the curve β i corresponds to the framing of K i for i = 1, 2, 3 (see Figure 2) . Thus, the first homology group H 1 (Y m,n ) is given by
If at least one of the numbers m, n is odd, the torsion group T is cyclic and we get T [µ 1 , µ 2 ] = Z mn−4 [µ i ] (if m is odd and n is even then i = 1, if n is odd and m is even then i = 2, if both m and n are odd then i could either be 1 or 2). If both m and n are even numbers, then
2.2. The chain complex. We denote the intersections between the α and β curves as follows (see Figure 2) :
The chain complex CF (Y ) is generated by unordered triples
for k, l, r ∈ {1, 2} and i = 1, . . . , m and j = 1, . . . n.
The complement of the α and β curves in the Heegaard diagram is a disjoint union of elementary domains. There are two regions in the diagram where a curve β i winds around a hole in the direction of µ i ; we denote elementary domains in the winding region of β 1 by A 1 , . . . , A m−3 and the elementary domains in the winding region of There is a single periodic domain in our diagram, bounded by the difference α 3 − β 3 of the two homologous curves, which is given by the sum
Applying the first Chern class formula [14, Proposition 7.5] we obtain c 1 (s z (x)), P = χ(P) + 2 z based on which we can determine the torsion Spin c structures. A generator x ∈ T α ∩ T β belongs to a torsion Spin c structure if and only if c 1 (s z (x)), P = 0, which happens exactly when x i ∈x n x i (P) = 1. Thus, the torsion Spin c structures of our chain complex contain the following generators:
for k, r ∈ {1, 2} and i = 1, . . . , m and j = 1, . . . n. There are 2(mn + 2m + 6) generators of the torsion Spin c structures on Y m,n .
2.2.1. Notation for Spin c structures. There is a one-to-one correspondence (N m,n ) be the homology classes of the base spheres in the double plumbing. As we will see in Section 3, all the torsion Spin c structures on Y m,n extend to Spin c structures on N m,n . For two integers i and j, denote by t i,j the unique Spin c structure on N m,n for which
and let s i,j = t i,j | Ym,n . The set T α ∩ T β is decomposed into equivalence classes according to the ǫ-relation [15, Definition 2.11]. Furthermore, by the map s z :
, every equivalence class of generators together with a fixed basepoint z determines a Spin c structure and its corresponding cohomology class. By [15, Lemma 2.19 ] for any two generators x, y ∈ T α ∩ T β the following holds:
From the Heegaard diagram we obtain
Suppose that m, n ≥ 4. The equivalence classes of generators in the torsion Spin c structures, given by the ǫ-relations above, are given below. We will identify these equivalence classes with the Spin c structures s i,j in Lemma 2.2 and Corollary 2.3. 
and has two generators as a F[U,
Classes with two generators
As observed above, HF ∞ (Y m,n , s) has two generators, so the differential ∂ ∞ in this class has to be trivial. This means there is an even number of holomorphic disks
There is a disk from {x r , b j , f 2 } to {x r , b j , f 1 } with a bigonal domain D 13 . By the Riemann mapping theorem, this disk has a unique holomorphic representative. The domain of any disk φ from {x r , b j , f 2 } to {x r , b j , f 1 } is given by D(φ) = D 13 +aP +bΣ for two integers a and b. Such a disk has Maslov index µ(φ) = 1 + 2b and n z (φ) = b. It follows that the Maslov index equals 1 if and only if n z (φ) = b = 0, which implies that the domain D 13 + aP has only nonnegative multiplicities when a ∈ {0, 1}. Thus the domain of the second holomorphic disk from {x r , b j , f 2 } to {x r , b j , f 1 } is D 13 + P. This disk has an odd number of holomorphic representatives. The differential of the chain complex CF + (Y m,n ) in this class is trivial:
and it follows that
There is a disk from {x m , c 1 , e 1 , } to {y 1 , c 1 , d 1 } with a rectangular domain and a unique holomorphic representative. There is no disk from {x m , c 1 , e 1 } to {x m−2 , b 1 , f 2 } whose domain would be non-negative, so these disks have no holomorphic rep-
We already know there is an even number of holomorphic disks from {x m−2 ,
Using analogous reasoning as above gives
By analogous reasoning as in the class µ 1 we conclude
Again we use an analogous reasoning as in the class µ 1 to obtain
annulus as a double branched cover, one holomorphic representative
There is one holomorphic disk from {x i , c 1 , e 2 } to each of the generators {x i−1 , c 2 , e 2 }, {x i+1 , c 1 , e 1 } and {x i , b n , f 1 }, so
and also
There is a disk with a single holomorphic representative from {x i−1 , c 2 , e 2 } to {x i , c 2 , e 1 } and from {x i+1 , c 1 ,
In the following calculations, we apply the change of basepoint formula using [15, Lemma 2.19]:
Lemma 2.1. Let (Σ, (α 1 , . . . , α g ), (β 1 , . . . , β g ), z 1 ) be a Heegaard diagram. Denote by z 2 ∈ Σ−α 1 −. . .−α g −β 1 −. . .−β g a new basepoint, for which the following holds: there is an arc z t from z 1 to z 2 on the surface Σ, which is disjoint from all curves β i and from all curves α i appart from α j . Then for any generator x ∈ T α ∩ T β we have
is the Poincaré dual of the homology class in Y m,n induced by the curve γ in Σ, for which α j · γ = 1 and whose intersection number with any other curve α i for j = i equals 0.
In the new Spin c structure we have the same generators as in the class µ 1 , but with a new relative grading, induced by the basepoint z 2 :
We already know from the class µ 1 that the only nontrivial differential of
We change the basepoint z 1 ∈ D 5 for a new basepoint z 3 ∈ D 7 . By Lemma 2.1, the
In the new Spin c structure we have the same generators as in the Spin c structure −µ 2 , but with a new relative grading, induced by the basepoint z 3 :
In a similar manner as above, we calculate the resulting homology
Class 0 We change the basepoint z 1 ∈ D 5 for a new basepoint z 2 ∈ D 2 . By Lemma 2.1, the
In the new Spin c structure we have the same generators as in the Spin c structure −µ 2 , but with a new relative grading, induced by the basepoint z 2 : 
. This yields no differential in CF because the domain of the disk φ concerned has n z 2 (φ) = 1. In the complex CF + we have
The homology group HF ∞ (Y m,n , 0) however has only two generators:
We have thus calculated the Heegaard-Floer homology HF + (Y m,n , s) for all torsion Spin c structures s on the manifold Y m,n . In the following Subsection, we calculate the absolute gradings of the generators and finish the proof of Theorem 1. 
The group H 1 (Y m,n ; Z)/ Tors = Z is generated by the simple closed curve µ 3 on the Heegaard diagram (see Figure 2) , so a(γ, φ 1 ) = 0 and a(γ, φ 2 ) = 1. It follows that 1 × S 2 whose absolute grading is known. To construct the cobordism, we use a pointed Heegaard Triple (Σ, α, β, γ, z). Here the first two sets of the curves α, β stay the same as before, so Y α,β = Y m,n . The curves γ 1 and γ 3 are parallel copies of the curves β 1 and β 3 respectively, and the curve γ 2 is homologous to the meridian µ 2 (see Figure 3) . This means
The cobordism W equipped with a Spin c structure s induces a map
Under this map, the absolute grading of a generator ζ ∈ HF (Y m,n ) is changed by [13, Formula (4)]: The intersections between the α and β curves are denoted in the same way as before. New intersections between the α, β and γ curves we will need are denoted by: Figure 3) . We express the α, β and γ curves of the Heegaard Triple in the standard basis of the surface Σ as:
The elementary domains in the winding region of the curve β 1 are denoted by A i for i = 1, . . . , 2m − 5, the elementary domains in the winding region of the curve 
The orientation of the curves in the Heegaard Triple is denoted on the diagram. The boundary of the triply-periodic domain is equal to
We calculate the Euler measure of the triply-periodic domain [11, Lemma 6.2]:
We have n z (Q) = 0 and #(∂Q) = m(n + 2). The self-intersection number H(Q) 2 is calculated by counting the intersections of α and β curves in the boundary of the triply-periodic domain (according to the chosen orientation of the boundary). We get α 1 · β 1 = −m, α 1 · β 2 = −2, α 2 · β 1 = −2 and α 2 · β 2 = −n, which gives us
Since the self-intersection number is negative for mn − 4 > 0, the signature of the associated cobordism equals σ(W ) = −1. W is the surgery cobordism from Y m,n to Y α,γ = L(m, 1)#S 1 × S 2 , thus χ(W ) = 1. Next we investigate the domains of Whitney triangles on the Heegaard surface. A Whitney triangle connecting x, y and w is given by a map u : ∆ → Sym g Σ for which u(v γ ) = x, u(v α ) = y, u(v β ) = w and u(e α ) ⊂ T α , u(e β ) ⊂ T β in u(e γ ) ⊂ T γ . The dual spider number of a triangle u and a triply-periodic domain Q is defined in [11] by
, where x ∈ ∆ is a chosen point in general position and a, b, c are chosen paths from x to the respective edges e 0 , e 1 and e 2 of the triangle ∆. For a Whitney triangle u : ∆ → Sym 3 (Σ), the image u(∆) is a triple branched cover over a triangle. In some cases this is a trivial disconnected cover consisting of three triangles u 1 , u 2 and u 3 on the surface Σ. For 1 ≤ i ≤ m − 1 and 1 ≤ j ≤ n − 1 we have a triangle Combining the above we obtain 
Observe the symmetry gr({x m−i , b n−j , f 2 }) = gr({x i , b j , f 2 }). The above formula calculates the absolute grading gr({x i , b j , f 2 }) for 1 ≤ i ≤ m − 1 and 1 ≤ j ≤ n − 1.
To calculate the absolute grading of the generators {x m , b j , f 2 } and {x i , b n , f 2 } of HF (Y m,n ) in the remaining torsion Spin c structures, we use the method of Lee and Lipshitz [4] . Their idea is as follows. If two generators x, y ∈ HF (Y ) represent different torsion Spin c structures s z (x) and s z (y) on a 3-manifold Y , then there exists a covering projection π : Y → Y such that π * s z (x) = π * s z (y) on Y . Thus, there exist liftsx of x andỹ of y whose relative grading difference is given by the domain bounded by a closed curve representing ǫ(x,ỹ). The projection of this domain onto the Heegaard diagram for Y is bounded by some multiple of a closed curve representing ǫ(x, y). We can reconstruct the relative grading difference between x and y from this projection, as described in [4, Subsection 2.3]. In the Heegaard diagram 2 we find a domain
for which ∂∂ α S = (mn − 4)(b n−1 − b n ). Thus we can compute
. Similarly, the domain
Combining this with our previous results, we get
Proof. We will show that the two Spin c structures are both restrictions of the same Spin c structure on the cobordism W from Y m,n to −L(m, 1)#S 1 × S 2 . In the previously carried out calculation of absolute gradings from the Heegaard Triple diagram we found a triangle 
Recall that s i,j = t i,j | Ym,n , where t i,j is the Spin c structure on the manifold N m,n defined by the Equations (1) 
The second step of the surgery is given by the cobordism −W from −L(m, 1)#S 1 × S 2 to Y m,n . The cobordism −W is given by adding a 2-handle to the boundary of the previously constructed manifold. Let us find a generator of the homology group H 2 (−W ) = Z. Writing down the intersection form
for N m,n and denoting by F = as 1 + bs 2 the generator of H 2 (−W ), we use the fact that F has to be orthogonal to the sphere s 1 . Thus, as 1 + bs 2 , s 1 = ma + 2b = 0 and we can take F = 2s 1 − ms 2 . We calculate 
Proof. We use [15, Lemma 2.19 ] to evaluate the cohomology class in H 2 (Y m,n ) corresponding to the difference of two Spin c structures. We calculate
and by linearity it follows that
for 0 ≤ i ≤ m − 2, 0 ≤ j ≤ n − 2 and k ∈ {1, 2}.
Corollary 2.4. All the torsion Spin c structures on Y m,n are uniquely determined by 
An application
Let X be a closed smooth 4-manifold with H 1 (X) = 0 and b + 2 (X) = 2. Consider two classes α, β ∈ H 2 (X; Z) for which the following holds:
Thus the restriction Q X | Zα+Zβ of the intersection form Q X to the sublattice spanned by α and β is positive definite. The classes α and β can be represented by surfaces Σ 1 , Σ 2 ∈ X. It is possible to choose the manifold X and classes α, β in such a way that they are representable by spheres. We will assume Σ 1 and Σ 2 are spheres whose algebraic intersection number equals 2. Our question is whether the geometric intersection number of Σ 1 and Σ 2 can also be equal to 2. If this were the case, then the regular neighborhood of the union Σ 1 ∪ Σ 2 would be a double plumbing of disk bundles over spheres N m,n with boundary Y m,n that has been the object of our investigation in the previous section. Let us for now assume we have the situation where the geometric intersection number of Σ 1 and Σ 2 is equal to 2. The submanifold N m,n ⊂ X carries the positive part of the intersection form Q X . Denote by W = X\ Int(N m,n ) its complement in X. Thus W is a 4-manifold with boundary −Y m,n which carries the negative part of the intersection form Q X . The following result [13, Theorem 9.15] describes the constraints given by the Spin c structures on W which restrict to a given Spin
Theorem 3.1. Let Y be a three-manifold with standard HF ∞ , equipped with a torsion Spin c structure t, and let d b (Y, t) denote its bottom-most correction term, i.e. the one corresponding to the generator of HF ∞ (Y, t) which is in the kernel of the action by H 1 (Y ). Then, for each negative semi-definite four-manifold W which bounds Y so that the restriction map H 1 (W ; Z) → H 1 (Y ; Z) is trivial, we have the inequality:
for all Spin c structures s over W whose restriction to Y is t.
According to [13, page 70], every 3-manifold Y with b 1 (Y ) = 1 has standard HF ∞ . Theorem 3.1 can thus be applied in our case for the pair (W, −Y m,n ). Correction terms of the manifold Y m,n have been calculated in the previous section. In order to apply inequality (7), we have to identify the restriction map H 2 (W ) → H 2 (−Y m,n ) and see how Spin c structures on W restrict to Spin c structures on −Y m,n . Before considering particular cases we establish the following: Proposition 3.2. With notation as above,
, where τ and T are torsion groups and T has order mn − 4. In the special case when b − 2 (X) = 0, we have T /τ ∼ = τ .
Proof. Consider the Mayer-Vietoris sequence in cohomology of the triple (X, N m,n , W ) (all coefficients will be Z unless stated otherwise):
At the beginning and the end of the sequence we have zeros since H 1 (X) = 0. Since
, it follows from Poincaré duality and the universal coefficient theorem that
The torsion elements µ 1 and µ 2 are the boundary circles of the fibre disks in the plumbing N m,n . The generator µ 3 of the free part comes from the 1-handle of the plumbing, which means that
is always trivial, satisfying the assumption in Theorem 3.1. Since f 1 is an isomorphism, by exactness f 2 is a trivial map. It follows that f 3 is injective. To understand the homomorphism f 4 , recall the long exact sequence in homology of the pair (N m,n , Y m,n ):
As described above, the restriction C| Z : Z[µ 3 ] → H 1 (N m,n ) is an isomorphism. It follows that the image of the map B :
The same is true for the Poincaré dual map
in the Mayer-Vietoris sequence above. So there must be a free sumand Z ⊆ H 2 (W ) which is mapped by f 4 isomorphically onto the free sumand of H 2 (Y m,n ) (this is the part dual to the part of H 2 (W ) which comes from the boundary). Now since f 3 is injective, the free subgroup
and it follows that the free part of H 2 (W ) has dimension b − 2 (X) + 1. Since H 1 (W ) = 0, it follows from the universal coefficient theorem that H 1 (W ) = τ is torsion and consequently
Based on our conclusions above, a part of the cohomology Mayer-Vietoris sequence of the triple (X, N m,n , W ) looks like
The restriction f 4 | H 2 (Nm,n) can be described by its Poincaré dual B : H 2 (N m,n , Y m,n ) → H 1 (N m,n ) in the long exact sequence (8) . Consider now the restriction f 4 | H 2 (W ) in (10). The sumand τ ⊆ H 2 (W ) maps by f 4 injectively into the torsion group T ⊆ H 2 (Y m,n ). We can observe the Poincaré dual of the restriction f 4 | H 2 (W ) in the long exact sequence of the pair (W, Y m,n ): for every φ ∈ τ .
Proof. Denote as usual by N m,n ⊂ X the regular neighbourhood of Σ 1 ∪ Σ 2 and by W = X\ Int(N m,n ) its complement. It follows from Proposition 3.2 that H 2 (W ) ∼ = Z ⊕ τ for some torsion group τ ⊂ T and that T /τ ∼ = τ , thus |T | = |τ | 2 . Recall the Mayer-Vietoris sequence of the triple (X, N m,n , W ) we discussed in Proposition 3.2:
The Spin c structures on W which restrict to the Spin c structures on −Y m,n correspond to the image f 4 (τ ) ⊂ T . Since b holds for any torsion Spin c structure t on −Y m,n which is a restriction of a Spin c structure on
Since the intersection form on W is trivial, Theorem 3.1 can also be applied for the pair (−W, Y m,n ) to give the inequality d b (Y m,n , t) ≥ − 2 (X) = 0. We need to choose homologically independent classes α, β ∈ H 2 (X) that are both representable by spheres and for which α · β = 2. A class ζ = (a, b) ∈ H 2 (X) has a smooth representative Σ of genus
This representative is obtained by the connected sum of minimal genus representatives for classes of divisibility a and b in CP 2 . Thus, nontrivial classes with smooth representatives of genus 0 are given by ae 1 + be 2 ∈ H 2 (X) where (|a|, |b|) ∈ {0, 1, 2}
2 \{(0, 0)}. Up to isomorphism, there are three possible cases for α and β: We will investigate two cases: α = 2e 1 + 2e 2 , β = 2e 1 − e 2 and α = 2e 1 , β = e 1 + 2e 2 . For the final case α = e 1 and β = 2e 1 ± e 2 , the two classes can be represented by a pair of spheres intersecting in two points.
3.1.1. First case: α = 2e 1 + 2e 2 , β = 2e 1 − e 2 . We have m = α 2 = 8, n = β 2 = 5 and
We will prove here the first part of the Theorem 1.2, which says that any two spheres representing the classes α and β intersect with at least 4 geometric intersections, and that there exist representatives with exactly 4 intersections. Figure 7 . Attaching circles of the 2-handles representing classes 2e 1 + 2e 2 , 2e 1 − e 2 ∈ CP 2 #CP 2 with four geometric intersections It is possible to construct genus zero representatives for α and β with 4 geometric intersections. We use the following construction of Ruberman [7] : representing CP 2 #CP 2 as a handlebody with two 2-handles with framing 1, let h 1 and h 2 be the cores of the 2-handles. Let us first represent the class α = 2e 1 + 2e 2 : we take two copies of h 1 , resolve their double point to get a single disk, take two copies of h 2 and resolve their double point to get another disk, then we make a boundary connected sum of both disks (with coherent orientations) and add a disk in B 4 to the resulting surface. Similarly, we represent the class β = 2e 1 − e 2 by taking a boundary connected sum of two copies of h 1 with their double point resolved and a copy of h 2 with reversed orientation (this means the connected sum is made via a band with a half-twist) and adding a disk in B 4 in the end. In this way we get the two spheres representing classes α and β in CP 2 #CP 2 . Figure 7 shows the two representatives in CP 2 #CP 2 . The part of the dark curve which passes from the left copy of CP 2 to the right copy can be moved by an isotopy so that it intersects the light curve only twice, thus there remain only four intersections between the two spheres. It follows that 4 is the minimal number of geometric intersections. :
Indeed, one can choose the two spheres representing classes α and β so that their geometric intersection consists of two points, see Figure 8 .
Double plumbings inside S
Since X is simply connected and where a, t ∈ N and a is an odd number. We have m = α 2 = 4a, n = β 2 = 2t and α · β = 2. Since a is odd, the classes α and β can be represented by spheres. We will prove the second part of Theorem 1.2, which says that if a ≥ 5, then the spheres representing α and β intersect with at least 4 geometric intersections.
Proof of Theorem 1.2 b). Suppose these two spheres have exactly two geometric intersections. We denote by N m,n the regular neighborhood of the union of the spheres and by W its complementary submanifold W = X\ Int(N m,n ) in X. While N m,n is the double plumbing of two disk bundles over spheres whose intersection form is positive definite, the submanifold W ⊂ X carries the negative part of the intersection form. We have defined Spin c structures t i,j on N m,n and denoted by s i,j = t i,j | Ym,n the restriction of each Spin c structure to the boundary 3-manifold. Now we would like to define a Spin c structure u i,j ∈ Spin c (X) for which u i,j | Nm,n = t i,j . Then we will find the restriction u i,j | W and use the Theorem 3.1 for the pair (W, −Y m,n ), equipped with the Spin c structure u i,j | W for some i and j. By definition of t i,j ∈ Spin c (N m,n ), we have c 1 (t i,j ), α = 2i − m and c 1 (t i,j ), β = 2j − n. For an odd i, define a Spin c structure u i,j on X by c 1 (u i,j ), e 1 = c 1 (u i,j ), e 3 = −2 c 1 (u i,j ), e 2 = i − a c 1 (u i,j ), e 4 = 2j + 2
Then we have c 1 (u i,j ), α = 2i − m and c 1 (u i,j ), β = 2j − n, which means that u i,j | Nm,n = t i,j and consequently u i,j | Ym,n = s i,j . We can calculate that the orthogonal complement of H 2 (N m,n ) in H 2 (X) is spanned by the vectors γ = −ae 1 + 2e 2 − 2e 3 and δ = −te 3 + e 4 , for which we have γ 2 = −m, δ 2 = −n and γ · δ = −2. Thus, γ and δ are generators of H 2 (W ) and its intersection form is given by the matrix Q W = −m −2 −2 −n . We calculate It might be interesting to compare our result with [1, Proposition 3.6] . According to the Proposition in the case n = 2, the classes (p 1 , q 1 , 0, 0) and (0, 0, p 2 , q 2 ) (where p i , q i ≥ 2 and (p i , q i ) = 1 for i = 1, 2) are not disjointly, smoothly, S 2 -representable inside the manifold S 2 × S 2 #S 2 × S 2 . The application of d b -invariants in the Section 3 is similar to the d-invariant obstruction that is used for concordance applications, e.g. in [6] and many other papers.
Geometric intersections of spheres with algebraic intersection one
Now we investigate a configuration of two spheres which intersect only once inside a closed smooth 4-manifold X with H 1 (X) = 0 and b . The boundary of M m,n is thus the lens space L(mn − 1, n) with H 1 (L(mn − 1, n)) = Z mn−1 . For labeling lens spaces, we use notation from [13] . By the results of [14, Proposition 3.1], the Heegaard-Floer homology of HF (L(p, q)) has one generator in every torsion Spin c structure and its absolute grading is given by a recursive formula from [13 where r and j are the reductions of p and i modulo q respectively. In our case p = mn − 1 and q = n, so r = n − 1. In the special case when n = 1, we need only one application of the recursive formula to obtain where j is the reduction of i mod n and t is the reduction of j mod (n − 1). In the special case when 0 ≤ i < n − 1 and thus i = j = t we get a simplification d(−L(mn − 1, n), i) = −2e 1 + e 2 e 1 − e 2 Figure 9 . Attaching circles of the 2-handles representing classes 2e 1 + e 2 , e 1 − e 2 ∈ CP 2 #CP
